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Abstract

An analysis is made of the sound produced by vorticity generated as high pressure fluid is forced through an aperture
in the wall of a duct in the presence of an exterior baffle plate. The aperture typically behaves as a ‘pressure release’
opening when the flow is ideal and irrotational, corresponding to the traditional interpretation of the action of a finger
hole of a woodwind instrument, although theoretical predictions that neglect vorticity are irrelevant in practice except
at very high frequencies. The theory of vortex sound is applied to derive an approximate nonlinear equation for the
volume flux through the baffled aperture that generalises Cummings’s empirical equation for a jet exhausting through a
fully open orifice in a large wall. The equation takes account of the impingement of the jet on the baffle and of the
nonlinear ‘inertial blocking’ of the aperture flow. Application is made to the problem of compression wave generation
by a high-speed train entering a tunnel fitted with an entrance hood whose windows are partially ‘closed” by the
presence of a side-wall of a railway cutting or embankment. Theoretical predictions are found to be in good agreement
with measurements made at model scale at train speeds ~300—400 km /h.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Perforated splitter plates and cavity covers are frequently used in vibration control and to suppress acoustic noise [see
e.g. Cummings (1984, 1986), Howe (1979a, b, 1998a), Hughes and Dowling (1990), Salikuddin and Plumlee (1980),
Salikuddin (1990) and Vér (1990)]. But vorticity generated during unsteady high Reynolds number flow through an
aperture can also be a powerful source of sound (Howe, 1998a; Howe et al., 2003a; Howe and McGowan, 2007). The
hydrodynamics of such flows govern the influence of the partial opening of ‘finger holes’ on the fine tuning of a
woodwind instrument (Benade, 1976; Leppington, 1982). A very important application at a much larger scale is the use
of relatively large apertures or ‘windows’ in the side-wall of a railway tunnel, usually near the tunnel portal, to alter the
waveform of the low frequency compression wave generated by a high-speed train entering the tunnel (Ozawa and
Maeda, 1988; Ozawa et al., 1991; Maeda, 2002). All of these acoustic effects depend for their action on the presence of
vorticity in the aperture outflow.

The amplitude of the compression wave generated as a high-speed train enters a tunnel is frequently as large as 2% or
3% of atmospheric pressure. Uncontrolled nonlinear steepening of the wave as it propagates ahead of the train in the
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tunnel can increase the discomfort to passengers and personnel within the tunnel, and produces the ‘micro-pressure
wave’ often observed to be radiated from the distant tunnel exit in the form of a subjectively annoying ‘crack’ or ‘bang’.
The principal practical method of suppressing this wave involves modification of the portal where the train enters the
tunnel so that the initial pressure rise across the wavefront is sufficiently ‘stretched-out’ that nonlinear steepening
becomes ineffective (Ozawa et al., 1978; Ozawa and Maeda, 1988, 1998; Maeda et al., 1993; Maeda, 2002; Howe et al.,
2003b, 2006; Howe, 2007).

The modified portal usually is formed by the addition of a ‘hood’, consisting of a thin-walled tunnel extension placed
ahead of the tunnel entrance. The ‘rise time’ of the compression wave formed as a train enters the hood can be increased
by permitting high pressure air in front of the train to exhaust through one or more windows in the hood walls. The air
leaves the window in the form of a high-speed jet (with velocity often exceeding half that of the train). Experimental
design studies and analyses have usually assumed that the jet flows freely into the ambient atmosphere (Howe et al.,
2006). In practice, however, the hood is often sited within a railway ‘cutting” with windows facing the cutting wall; an
air jet forced out of the window must then impinge on the wall and produce a change in the window’s acoustic
properties that are analogous to those of a partially closed finger hole.

In this paper we consider both theoretically and experimentally the aeroacoustics of a wall-baffled aperture of this
kind, for an aperture in a uniform duct in the presence of a parallel, exterior baffle plate. The problem of sound
generation by impingement of the jet on the baffle is formulated in Section 2 as a problem in the theory of vortex sound
(Howe, 1998a; Howe et al., 2000). The influence of the baffle on the propagation of low frequency sound in the duct is
discussed in Section 3. Application is then made to the problem of compression wave generation by a high-speed train
(Section 4) and predictions of the influence of a baffled window are compared with model scale test results (at train
speeds ~300—400km/h) in Section 5.

2. Aeroacoustics of the aperture
2.1. Governing equations

Consider a cylindrical hard-walled duct of rectangular cross-section of area .o/ having walls of uniform thickness ¢,,.
There is a circular aperture of radius R,, and area ./, = nRﬁ, <./ in one of the walls. Take coordinate axes
X = (x1, X2, x3) with the origin at the centre of the inner face of the aperture, the x;-axis parallel to the duct (Fig. 1), and
with the x3-axis directed ‘inwards’ from the aperture. The exterior face of the aperture is ‘covered’ by a parallel rigid,
concentric circular wall or baffle plate of radius D at a perpendicular standoff distance d from the outer face, where D is
assumed to be smaller than the width of the adjacent duct wall.

The fluid within the duct is at rest in the mean and is homogeneous with mean density p, and sound speed ¢o. The
Mach number of any unsteady motions is sufficiently small for the flow to be regarded as isentropic and for the
propagation and generation of sound to be governed by Lighthill’s (1952) equation in the form (Howe, 1998a, 2003)
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Fig. 1. Scattering of low frequency sound in an infinite duct with circular wall aperture and exterior circular panel.
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where ¢ denotes time, v is the fluid velocity, @ = curlv is the vorticity, and the acoustic variable is the total enthalpy B.
In the present case of isentropic motion we can put B= [dp/p +%vz, because fluctuations in the density p are
determined by changes in the pressure p. In the absence of vorticity B = —0¢ /0t + constant, where ¢ is the velocity
potential of the motion. In the absence of flow B may be assumed to vanish.

A plane acoustic wave Bj(f+ x1/cp) satisfying the homogeneous form of (2.1) is incident on the aperture from
x1 = +oo. The disturbance By in the duct scattered from the aperture is an out-going solution of (2.1) including source
terms involving vorticity produced by the ‘jetting’ of fluid forced through the aperture by the incident wave. To
determine By Green’s function G(X,y, — 1) is introduced that satisfies

2
(la% — vz) G=0x—-y)d(t—1), G=0forr<r, (2.2)

within the duct and aperture and within the region between the external wall of the duct and the baffle. G is required to
have vanishing normal derivatives on the duct walls and on the baffle and to vanish at the circular cylindrical opening

w=4/x? +x3 = D (X in Fig. 1) at the outer circumference of the circular baffle plate. The latter corresponds to the low

frequency approximation in which the escape of acoustic energy from the duct through the aperture to the ambient free
space is ignored.

The usual procedure involving the application of Green’s theorem and the radiation condition to Eq. (2.1) with B
replaced by B,, and Eq. (2.2) permits By to be expressed in the form (Baker and Copson, 1969; Landau and Lifshitz,
1987; Crighton et al., 1992; Howe, 1998a)

Bi(x,t) = _?{s (G(x y,l—f) 3, (y,r) B(y,r) (x y,t—f))dS (y)de
J

/ G(x,y, ! (w AV)(y, 1) dy dr, 2.3)

where the integration is over all values of the source time —co<t< + oo, the surface integral is over the region S
consisting of the interior wall of the duct and the solid boundaries of the region between the baffle and the exterior duct
wall (with surface element dS directed into the fluid), and over the circular cylindrical control surface 2; the volume
integral is over the fluid regions occupied by vorticity.

Crocco’s form of the momentum equation consistent with approximation (2.1) (Howe, 1998a)

?—{—VB_—wAv—vcurlw 2.4
where B = By + B, and v is the kinematic viscosity can be used to simplify the integrals in (2.3). Viscosity can usually be
ignored in high Reynolds number flows of aeroacoustic relevance. The contribution to (2.4) from the bulk viscosity has
therefore been neglected, because its effect is small everywhere. On the other hand, the shear viscosity is responsible for
possibly significant frictional boundary forces and is usually retained. In what follows, however, it will be assumed that
the Reynolds number is sufficiently large that the predominant influence of viscosity is to facilitate the release of
vorticity from the edges of the aperture leading to the formation of the jet in Fig. 1. This can be handled formally by
imposing a Kutta condition at the aperture edges (Crighton, 1985), and henceforth the explicit contribution from
surface friction will be ignored.

Then, application of the divergence theorem to the vortex integral in (2.3) and use of (2.4) and the condition
B = B;+ B, =0 on X permit By to be expressed in the form

0B
(x y,t —1)dS;(y)dr + %SG(X, Y.t —1) ( + 5) (y, 1) dS;(y)dr

J

B(x.0)= — ]f ZB,(r)

J

— /(a)Av)/(y,r)a—Q(X,y,t—r)d3ydr

7{ B,(r) (x y,t —1)dS;(y)dr — /(w A v) (y, ‘L') (X Y.t —1) d3y dr, 2.5)
z y

where the final line follows because the normal component of velocity and the normal derivative of the incident plane
wave both vanish on S.
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2.2. Formal solution

Only plane waves can propagate in the duct when the characteristic wavelength of the sound is large compared to its
diameter ~+/.7. It is shown in Appendix A that in this limit the leading approximation to Green’s function is

€0 o*(y) |x1] —cot [x1]
G(x,y,t—r)wg{l— z}H(l—r—K>exp[2$&/ t—r== ) X1 >V, (2.6)

when the source point y is in the neighbourhood of the aperture and the field point x is within the duct at distances

|x|>+/<Z. In the long wavelength limit the principal contributions to the sound consist of the monopole and dipole

components in a formal multipole expansion of the acoustic field. Approximation (2.6) determines these components,

which correspond, respectively, to the first and second terms in the curly brackets. The function ¢*(y) is a velocity

potential that describes a hypothetical incompressible flow from the duct through the aperture. It satisfies Laplace’s
equation and is normalised to have the following asymptotic behaviours:

oL\

2nr

e~

—In ( ) +¢ for ()2 + y2)1/2 = w> R,, between the outer duct wall and the baffle,

for |y| = r> R, in the duct above the aperture,
2.7)
2nd

where the length {~0O(R,,) is the aperture ‘end correction’ [discussed in Appendix A; Howe (1998a) and Rayleigh
(1926)], and

oAy (D
¢ =55 ( )+5 (2.8)

Let the incident wave correspond to an acoustic pressure p = p;(t + x;/co), so that B; = p;/p,, with characteristic
wavelength large compared to the duct diameter and also relative to the radius D of the baffle. Then B; = p,(¢)/p, in the
surface integral over X in (2.5), which then becomes

i ”Q[“’ w
Ps(X,1) = pg <l— %) = ;(;/g p,(r)exp{zﬂg 1 - ‘z:)]
o | / (@AYo ST -0 dyds, i, 29)

where p, = By/p, and [t] =  — |x1|/¢o is the retarded time.
2.3. Nonlinear differential equation for the sound

The first integral in this formula represents the pressure scattered from the aperture in ideal flow, when vorticity
production in the aperture is ignored. Except at very high frequencies a pressure rise in the duct produced by an incident
wave actually forces high Reynolds number flow through the aperture causing separation at the aperture edges and the
formation of a jet that in a first approximation strikes the baffle plate axisymmetrically, as implied in Fig. 1. The jet
shear layer is unstable and the ordered picture in this figure is not generally maintained as the flow spreads out in the
region between the duct and the baffle plate, where the shear layer thickens and the flow becomes turbulent. However,
the resulting small scale turbulence cannot affect the dominant characteristics of the low frequency sound in the duct,
determined by the final integral of (2.9).

Fig. 2 illustrates the typical streamline pattern of the hypothetical flow defined by the function ¢* in the second
integrand of (2.9). Sound is generated strongly in regions where |V¢*| is large and rapidly varying on scales comparable
to those of the jet vorticity. This occurs close to the aperture edges: at larger distances the streamlines become uniformly
spaced and parallel, so that Vo*~ constant and the overall contribution from random vorticity between the duct and
baffle tends to be very small.

At high Reynolds number it may be assumed that the shed vorticity is initially confined to ‘free streamlines’ S; at the
edge of the jet (see Fig. 2). All of the ¢*-streamlines cut across S; within a distance ~0(d) from the aperture. The flow
speed on the jet boundary is constant and equal to U, = U,(¢) = the asymptotic jet velocity predicted by free-
streamline theory (Birkhoff and Zarantonello, 1957; Gurevich, 1965).

This simple model can be used to evaluate approximately the final integral of (2.9). The free-streamline jet boundary
S, is spanned by circular vortex lines with centres on the x3-axis and with @ = U,d(s L)é, where s, is distance measured
in the direction of the outward normal from S; and 0 is a unit azimuthal vector (directed anticlockwise when viewed in
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Fig. 2. Illustrating the intersection of the streamline pattern y* = constant of the potential function ¢* with the jet shear layer when
d/R,, = 0.6.

the direction of increasing x3); the vorticity convection velocity v = % U,t, where t is a unit vector tangential to S; in
flow direction. Hence, because 0 A t is the unit normal on S; directed outwards from the jet, the spatial component of
the final integral of (2.9) becomes

1 op* oAy
/(w AV Vo)(y,1)d}y = 3 Ug(r)jf (a"’ ) ds ~ 5 U(7). (2.10)
Sy SL/ s =0

Therefore Eq. (2.9) reduces to

|X1 | COJZ[W U 1 2 Co &/W
m( —;) =~ 207 ) \pr=3rUs J@exp =575 (-1 dr. (2.11)

To calculate U, we introduce the outflow velocity V(z) averaged over the cross-section of the aperture, and the
acoustic particle velocity

_ p(t—=1x1l/co)

Us(t — |x1]/co) =" (2.12)
PoCo
of the scattered wave in the duct. Continuity of volume flux at low frequencies requires that
oLV
U =220y =10, @.13)
2.9/ g

where o is the effective aperture discharge coefficient (or jet ‘contraction ratio’). A differential equation satisfied by V(¢)
is now obtained by formally taking the limit |x;| — 0in (2.11) and (2.12) and differentiating (2.11) with respect to time,
to find
AV SV V2 pi(D)
dr 2./ 262 po
This equation determines the volume flux through the baffled aperture when forced by the incident pressure p;. Its
solution and the second of Egs. (2.13) determine the nonlinear vortex source term in the representation (2.11) of the
sound radiated in the duct from the aperture. However, this sound is more easily calculated directly in terms of V(¢) by
using Eq. (2.12) and the first of Egs. (2.13).

(2.14)

2.4. Cummings’s equation

Eq. (2.14) generalises Cummings’s (1984, 1986) equation (Howe, 1998a) used to study the transmission of sound
through an orifice in a large plane wall. The length % is the effective length of a slug of fluid (of cross-sectional area
o/ \,) set in motion through the aperture. The particular representation (2.8) can be regarded as the sum of three parts:
(a) a length ¢; = (n/4)R,, for the fluid set in motion in the duct (the same as on one side of an aperture in an infinite
plane wall); (b) the wall thickness ¢,,; and (c) the remaining effective length ¥ — (¢; + ¢,,) of fluid on the outer side of
the aperture. Cummings (1984, 1986) points out that this decomposition is valid only for irrotational flow. When the
outflow forms a jet the inertia of the fluid determined by the lengths (b) and (c) is progressively eliminated because the
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motion in the outflow is ultimately confined only to the jet. To account for this Cummings replaces . in (2.14) by

_ 7 ¢

L =4+ LT (2.15)
[ e
3\2R,
in which L; is the effective length of the jet, defined by
L= [ vnar. 2.16)
0

where 7 is measured from the instant at which the mean velocity V() last changed sign. The numerical coefficients in
(2.15) were validated by experiment. The influence of the functional form of .# on the acoustic properties of the
aperture is actually limited in practice to the initial transient form of the induced aperture flow, the subsequent
behaviour tends to be dominated by the nonlinear term on the left of (2.14). We shall therefore assume that (2.15) is
applicable also to the baffled aperture with the wall jet.

The discussion thus far has been implicitly for the case V' (¢)>0 where the jet is directed out of the duct. When V' <0
Eq. (2.14) remains valid provided V2 is replaced by V|V|. For a free jet Cummings found by experiment that the effective
value of contraction ratio ¢ could be taken to be constant and equal to 0.75, which is larger than the steady state limit
0.62 for a continuous jet. We shall use this value when the jet is directed into the duct. During outflow, however, when
the jet impinges on the baffle at a standoff distance d, we use the following formula derived in Appendix B

o =0.75 erf<1.43 Ri), 2.17)

w

where erf(x) = (2//7) J; e d¢ is the error function, so that ¢~0.75 when d> R,,.
In summary, the following revised form of the aperture velocity equation (2.14) will be used

_dV eV VIV p0)

¥ — = 2.18
& T2 T T (2.18)
where
1/ L\ 158

&z - (fl + fw) + (51 +[w)/ 1 +§(2Rj ) :| for V<05
Z = 1/ L, \"8 (2.19)

51-}—(3—[1)/ 1+§<2Rw) :| for V>0,

0.75 for V' <0,

(2.20)

7=190.75 erf(1.43Ri) for V>0

w

and Lj is defined as in (2.16).

3. Incident acoustic compression wave

Consider first an incident wave in the form of a compression wave p,(f + x/cy) of amplitude p, defined by

p=efreer(Slee2)) G.1)

where erf(-) is the error function introduced in Section 2.4. The length 26 defines the thickness of the wavefront, which is
required to be large compared to the diameter of the wall aperture (0> R,,), so that the incident pressure may be
assumed to be uniform over the inner face of the aperture.

Eqgs. (2.12) and (2.13) supply the net acoustic pressure in the duct in the form

X PoCo- |x1]
vie="21 2
p Pr (t C()) 2.9/ ([ Co ’ (3 )
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where V(¢) is the solution of the system of Eqgs. (2.16)—(2.20). These equations are to be solved subject to the initial
conditions

V=0 L;=0, t— —o0. (3.3)

To examine the effect of varying standoff distance d/R,, we consider an incident wave amplitude p. = 2.5kPa and
wavefront thickness 26 = 4R = 4,/.</ /n, where R is the radius of the circle whose area is the same as cross-sectional
area of the duct. A wave of this amplitude is typical of that of the compression wave generated when a high-speed train
enters a uniform tunnel of semi-circular cross-section of radius R (Howe et al., 2006).

For the purposes of illustration we take

%: 1, ”‘2" =01, ¢,=0, (3.4
so that R,,/R = 0.316 and the wave thickness 26 = 4D.

Profiles of the calculated wave (3.2) transmitted past the aperture (into the region x; <0) are plotted as the solid line
curves in Fig. 3 for values of the relative baffle standoff distance d/R,, given in Table 1.

The aperture has no effect when d/R,, = 0, so that the transmitted and incident waves are the same. Pressure
relaxation occurs at the aperture when d/R,, > 0. In all cases, however, the shape of the initial pressure rise is essentially
unaffected by the initial stages of jet formation in the aperture. For this problem the jet is always directed outwards
from the duct (¥ >0). The jet inertia acts as an acoustic ‘block’ at the aperture, and is most significant when d/R,, is
small: the corresponding value of the contraction ratio ¢ is displayed in Table 1; small values of ¢ increase the influence
of the nonlinear inertia term in Eq. (2.18). The enhancement of nonlinearity produced by jet impingement becomes
unimportant for d >2R,,, when o assumes its free field value of 0.75. The results are only weakly dependent on the ‘slug
length’ %, which also depends on d /R,

The pressure to the rear of the transmitted wavefront relaxes to a constant value determined by the following steady
state solution of Eq. (2.18), obtained by discarding the first term on the left-hand side:

2.2 2 2
PoCoo Ay o 8pc CO[t]
t+ x1/co)~p, — — 1 -1, 1. 3.5

p( + l/ 0) Pe 4 ( o > \/ + (&{w pOC%O—Z R > ( )
Table 1
The contraction ratio ¢ and slug length & (for conditions (3.4)) when V' (¢)>0.
d/Ry 0 0.25 0.5 1.0 2.0
o 0 0.29 0.52 0.72 0.75
Z/R, 00 33 22 1.6 1.5

TRANSMITTED WAVE
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Fig. 3. Transmission of the compression wave (3.1) past the baffled aperture for different values of d/R,, for p, = 2.5kPa, 6 = 2R and
conditions (3.4), where [f] = ¢ + x1/¢o.
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The broken line curve in Fig. 3 is the irrotational approximation to the transmitted wave when the baffle plate is
absent. The velocity V(¢) is calculated by putting ¢ = oo in (2.18) and .Z = 2 x (n/4)R,,, the value appropriate for a
circular aperture in a plane wall. High frequency components of an incident wave are transmitted past the aperture, but
the low frequency tail of the wave cannot pass the aperture in this ideal, irrotational limit because of the formation of an
expansion wave of amplitude —p, that radiates within the duct in both directions from the aperture.

4. Compression wave generated by a train
4.1. Formulation

Application of the theory is now made to the model scale experiment depicted in Fig. 4, involving a circular
cylindrical, thin-walled tunnel of radius R and cross-sectional area ./ = nR? containing a baffled, circular ‘window’
whose centre is distance £;, from the tunnel portal. Any influence of the change in shape of the duct cross-section, from
rectangular to circular, should be small provided the window area is small relative to the duct cross-sectional area. The
theory will be compared with experiment in Section 5, where the baffle is taken to represent the influence of the wall of a
‘cutting’ adjacent to the tunnel. It is convenient to introduce a new coordinate system x = (x, y, z) (the suffix notation is
abandoned to avoid confusion with the earlier coordinates used in Sections 2 and 3) with the origin O on the cylinder
axis in the entrance plane; the x-axis is coaxial with the cylinder and is directed out of the tunnel.

An axisymmetric model train enters the tunnel from x>0 and travels in the negative x-direction at constant speed U.
The axes of the train and tunnel coincide. It is required to determine the influence of the baffled window on the
compression wave generated by the train. The initial form of the wavefront cannot depend on the length of the tunnel,
which is therefore assumed to extend to x = —oo. Similarly, for the purpose of calculating the compression wave it is
convenient to assume that the length of the train greatly exceeds the ‘nose length’ L indicated in the figure, beyond
which the circular cross-section of the train is taken to be uniform with radius # and area .2/ = 7h’.

4.2. Compression wave when the window is absent

The influence of the window on the compression wave is determined by a modified form of Eqgs. (2.16)—(2.20), in
which the incident wave p; corresponds to the pressure wave produced by the train in the absence of the window.

The main pressure rise p, across the wavefront is generated over a time ~2R/U during which the centroid of the train
nose may be assumed to enter the tunnel. Reynolds and Nusselt numbers based on tunnel radius are typically of order
10° in the experiments (and ~107 at full scale), which implies that the initial form of p, can be found by neglecting
viscous diffusion and heat transfer. At later times flow separation from the train (from S in Fig. 4(a)) produces a wake
that generates a very low frequency component p,, of the pressure in the form of an extensive, linearly growing ‘tail’ to
the rear of the wavefront (the growth being proportional to the retarded length of the train within the tunnel). The

(@) (b)

turbulent wake
\ exit flow ]
tunnel

tunnel AW
T nne G — —— —* y
r 7 z
2R C— U 28 O x
y
l -« L ——> train train
T ———
d jet
—>| d je—
L 7
«—— D >le I —>

Fig. 4. Circular cylindrical tunnel of radius R with a baffled window of radius R, = \/{\(,/n with its geometric centre at
x = —{;, y=0, z= R. An axisymmetric train enters the tunnel portal at x = 0 travelling along the centreline of the tunnel at constant
speed U: (a) view from above; (b) view into the tunnel.
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pressure wave ahead of the train can therefore be cast in the form

D =De¢+ Dy (41)

It was shown by Howe (1999) and confirmed by experiments reported by Howe et al. (2000) that an excellent
approximation to the component p, at positions x (<0) within the tunnel ahead of the train is given by

2 oo *
Po(x, 1) ~ ﬁ (1 + %) [ N ang x'+ Ul aa‘/;f (x,0,0)dx’, 4.2)
where M = U/c¢ is the train Mach number, .« /<7 is the ‘blockage’, .«/1(s) is the cross-sectional area of the train at an
axial distance s from the front of the nose, [f] = 7 + (x — £g)/co is the effective retarded time, and ¢ is the acoustic ‘end
correction’ of the tunnel portal [~0.61R for an unflanged circular cylindrical portal; see Rayleigh (1926) and Howe
(1998a)]. The function ¢§(x) = ¢5(r, x) (Where r = \/y* + z2) is that solution of Laplace’s equation that represents the
potential of incompressible flow out of the tunnel portal having unit speed within the tunnel. The following formula is
applicable for a thin-walled tunnel in the form of an unflanged, circular cylinder (Howe, 1998b):

0 =1 o () 2;?(13) sin(2[%+ 7)) )di, r<R,

0 :%/ooln[Kl(.U)Il(ﬂ)/Kl(/l)ll(/l)] a (4.3)

) s
0 w—2

where I, I;, K; are modified Bessel functions.

The integrand of (4.2) is nonzero only at the retarded positions of the nose and tail of the train where 0.o/1/0x"#0.
Model scale tests have confirmed the validity of (4.2) for <7/« <0.2 and M <0.35.

In the experiments discussed in Section 5 the interior tunnel radius R, the wall thickness ¢,,, and the window centroid
x = —{;, have the following respective values:

R=50mm, ¢, =0.IR, ¢ =10R. (4.4)

The experimental train has an ellipsoidal nose defined by

r=h %(2—%), O<x<L (r=vy2+22),

h=2235mm, L =67.05mm,

(4.5)

so that the blockage .7y /.«/ = 0.2.

Eq. (4.2) has been used to calculate the pressure p, depicted in Fig. 5 when the train enters the tunnel at
U = 300km/h. The retarded time is taken in the nondimensional form U[#]/R, where [f] = ¢+ (x — {g)/co, and the
nose of the train is assumed to pierce the tunnel entrance plane at ¢t = 0. The pressure p, rises rapidly across the
wavefront during a time ~2R/U by an amount

2
pOU &f() J%O
— (1 ~2.18 kPa.
(- M) ( T a
} T T T ™
i M
2 7 .
&
4 B
2 r U = 300 km/h .
5
il O -
0 " 1 1
-5 0 5 10 15 20

UL/R

Fig. 5. The pressure waves p, and p, + p,, generated at the tunnel portal in the model scale tunnel of radius R = 50mm by the
axisymmetric train with nose profile (4.5) when U = 300 km/h and friction factor u = 0.053.
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The actual thickness of the wavefront ~2R/M = 8R, which is large compared to the tunnel diameter and much larger
than a typical window.

The pressure p,, produced by the wake can be calculated using the following formula that has been validated against
experiment by Howe and lida (2003):

2l poU* (Ul — L),
A — o) (1 —M?)

My My — Mo))z
(f — Ay) 2t — Ay) ’

M. Mo/ (2t — 2

(A —cly) A — o)

R/ <1

+h.ot? <1 (4.6)
where (x), = x,0 according as x=0. This pressure wave increases linearly with the retarded distance U[f] — & of the
separation point S on the train from the tunnel entrance. The coefficient u is a turbulence friction factor dependent on
the train Reynolds number and the blockage .o7y/.Z. Howe and lida (2003) found that p ~ 0.053 for model scale
experiments of the type to be considered, and this value has been used to plot in Fig. 5 the overall compression wave
p.+p,, when U = 300km/h.

4.3. Calculation of p;

The air flow through the baffled window at x = —¢; (Fig. 4(a)) is driven by the incident pressure p; of Eq. (2.18). If
the nose of the train enters the tunnel at time 7 = 0 the incident wave must coincide with the pressure p, + p,, prior to
the arrival of the train at the window at t~¢,/U. The wave reaches the window at t~¢;/cy, so that

4
Pr :pe(_flht) +pw(_€h7 t)s < U (47)

The pressure p; applied to the window decreases rapidly over a time of order L/ U as the nose passes the window by

an amount equal to the maximum pressure

pU &/_o( &ﬁ)
(1— M) o o

attained by p, (Fig. 5). The pressure decrease as a function of time is determined to a good approximation by calculating
the ‘near field’ pressure generated on the tunnel wall by a distribution of volume sources on the nose that represent the
displacement of air by the advancing train [see Howe (2005) for details]. The actual contribution of p, to p; for all times
is then obtained by replacing p,(—{j, f) in (4.7) by

o0 /
pu(—L, t){l - / 1D g — g, — ) dx/}, (4.8)
o Ao
where the nonnegative function

P(x) = (4.9)

1 / 2 cos( Ax ) @

2RV — M2 Jo L) \RVI— M2
resembles a ‘broadened’ J-function of width ~4R that peaks at x = 0 and satisfies ffooo Y(x)dx =1.

The integral in (4.8) vanishes until the train nose approaches the window at t~¢;,/U; after the nose has passed the
window (¢> (€, + L)/ U) the integral rapidly increases to 1, and the pressure represented by (4.8) drops to zero.
Immediately after this, all that remains of the incident pressure (4.7) is the frictional contribution p,,(—¢, ), which must
then be equal to its value at t = (£, + L)/ U and remain equal to this until the tail of the train enters the tunnel, because
the linear pressure rise produced by the wake between the window and the tunnel entrance is constant until the tail
enters.

Thus, instead of the representation (4.7), the pressure p;(¢) incident on the baffled window, produced by the train
when the presence of the window is ignored, should be taken in the form

o LT(XNYP(ULt — € — X
pe(_fha l){l - f_oo T(X) (Q/O ! al )dx/} +pw(_€hs [): [<([h + L)/U>

Pi(0) = o 1)UL~ — ) (10

pe(—&,, l){l — f—oo o dx’} +pw(—€h, (f;, —+ L)/ U), I>(fh —+ L)/ U.
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Fig. 6. Variation of the incident pressure p;(#) on a window whose centroid is at x = —¢;, = —10R in the model scale tunnel of radius

R =50mm when the axisymmetric train with nose profile (4.5) enters the tunnel at U = 300km/h and when the friction factor
u=0.053.

The variation of p;(f) with time predicted by this formula is illustrated in Fig. 6 for the train and tunnel considered
previously in Fig. 5 when the window is centred at x = —{;, = —10R.

4.4. The compression wave transmitted past the window

When the tunnel portal is ignored, the unsteady flow out of the baffled window at speed V(¢) generates the plane
pressure waves

PoCoA 1y

5 V. 4.11)

O
Dy (t JF(XZL—’)) x2Z — ¢, where p(t) = —
0

The component p (¢t — (x + ¢£;)/co) is reflected at the tunnel portal with sign reversal. Because the characteristic
wavelength is large compared to the tunnel diameter the reflection at the open end actually appears to occur at x = {g,
so that the reflected wave is

_px(l_*_W)’ .X<0, (412)

which may be interpreted as the field produced by a ‘negative’ image window at x = €, + 2{g. This reflected pressure
evaluated at x = —¢;, must be introduced as an additional forcing pressure on the right-hand side of the aperture
velocity equation (2.18), which may now be expressed in the following modified form:

23 _ pz(t)+ps(t) —p, (z— 2(51164-55)) Vool

dr 00 2072
2(y + r)

oA ooV |t—
_ o) eV ( o ) OO0
T po 2./ 2./ 262

where p,(?) is given by (4.10) and ¢ is defined as in (2.20).

In addition, however, the definition of the effective length .#(¢) must also be adjusted, because in Section 2 the tunnel
wall and the baffle panel were assumed to be parallel and distance d apart, which differs from the experimental
arrangement illustrated schematically in Fig. 4, where d is now the shortest distance between the window and the baffle.
This change actually affects only the contribution to Z(¢) from the region exterior to the window. Because this tends to
be ‘blown away’ very rapidly during the initial stages of jet formation, and the exterior region is now approximately
acoustically ‘open’, we shall assume that the exterior contribution to .Z(¢) is £; = (n/4)R,,, the same as for the opening
on the side within the tunnel. This implies that the definition (2.19) can be reduced to

fl + gw

1 L 1.5857 °
1+ 5
3\2R,

(4.13)

6 ="R,, V(1)20. (4.14)

L) =t + 7
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The causal solution of Eq. (4.13) is required, subject to the initial conditions V, L; = 0 for ¢ large and negative. The
solution is used to compute the compression wave pressure p(x, ¢) radiated beyond the window into the tunnel ahead of
the train by means of

p(x, ) =p(x,0) +p,(x,0) + p <t + (x Z)gh)) — Dy <t + W) s (4.15)

where ps(t) = —Po¢ V([)VQ[W/"Q{'

5. Comparison with experiment

Predictions of Eq. (4.15) are now compared with model scale experiments performed at train speeds
U~300—400km/h at the Railway Technical Research Institute in Tokyo. The experimental train and tunnel, and
the procedures for measuring the pressure and train speed are the same as those used and described in detail by Howe
et al. (2003a). The tunnel consisted of a 6.5m long horizontal, hard walled, unflanged circular cylindrical pipe of inner
diameter 2R = 100mm. An adjustable rectangular window of dimensions ¢, x {,, respectively, in the x and y
directions was situated in the upper wall of the tunnel with its centroid vertically above the tunnel axis at distance
{, = 10R = 0.5m from the entrance plane. The tunnel wall thickness at the window was ¢, = 0.1R. The original
apparatus was modified by the addition of a rigid, square and horizontal aluminium baffle panel with sides of length
0.5m fixed above the tunnel and centred on the window. The face of the panel wetted by the jet was at z = R+ d. The
photograph (Fig. 7) shows the arrangement when d = 80 mm.

Measurements were made for cases involving either a ‘small’ or a ‘long slit” window with the specifications given in
Table 2.

A model axisymmetric train with an ellipsoidal nose profile defined as in Eq. (4.5) was projected into the tunnel by
means of a three-stage friction drive involving three pairs of rotating wheels; the train was guided along a 5mm
diameter taut steel wire stretched along the tunnel axis and passing smoothly through a cylindrical bore hole along the
train axis. The compression wave pressure was measured using a flush mounted wall sensor in the tunnel 1.5m from the
tunnel entrance plane (x = —1.5m), with an overall error estimated to be between 2% and 3%. Estimates were also
made of the likely errors produced by wave reflection from the laboratory walls, ceiling and floor. Image sources in the
floor (about 1 m below the tunnel) were considered to be the most important source of reflections. However, simple
estimates of the magnitude of reflected sound at the tunnel mouth indicated that this could modify pressures within
the tunnel by no more than about 0.1% of the total pressure rise across the compression wave front.

The pressure gradient (dp/df) was calculated using a simple central difference scheme after high frequency
components (>2kHz for U = 300km/h and >2.5kHz for U = 400km/h) of the measured pressure were removed
using a fast Fourier transform algorithm. The temperature and atmospheric pressure were measured for each run and
later used to calculate the mean density of air from the equation of state of an ideal gas.

| baffle panel

>

Fig. 7. Side view of the experimental model scale configuration, involving a circular cylindrical tunnel and an adjacent square baffle
panel.
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Table 2

Window dimensions.

Window £, (mm) £, (mm)
Small 20 (0.4R) 20 (0.4R)
Long slit 80 (1.6R) 20 (0.4R)

5.1. Baseline validation of the prediction equations

We first verify that the test procedure conforms with the known general agreement between theory and experiment
(Howe et al., 2006) for the baseline cases

(a) No window: U =298km/h, p, = 1.22kg/m?>.
(b) Small window, no baffle: U = 300 km/h, p, = 1.19kg/m?, ¢ = 0.75.

Fig. 8 displays the measured compression wave pressure p (A A A) and the ‘pressure gradient’ Op /0t (---) produced by
the model train (4.5). The variation of Op/0t is of interest because it determines the subjective impact of the wave
(Maeda, 2002). In all cases the time origin is adjusted to coincide with the instant at which the train nose begins to cross
the entrance plane of the tunnel. The solid curves in the figure are the predictions of (4.15). The theory is strictly
applicable only to circular windows; it has therefore been assumed in case (b) that the action of the square window of
dimensions ¢, = ¢, = 20 mm is equivalent to that of a circular window of equal area, with R, = \/¢{,/n = 11.28 mm.

The fine details of the predictions at later times are influenced significantly by the wake-generated component p,, of
the pressure, and therefore by the value assigned to the friction factor u of Eq. (4.6). Model scale tests reported by Howe
and Tida (2003) indicate that u~0.053 yields results that agree well with experiment at later times (for U[f]/R> 12, say).
However, there is no Reynolds number similarity between full and model scale, so that both the present theoretical
predictions and model scale tests should not necessarily be expected to yield accurate predictions at full scale at large
times. The drag is also influenced by surface roughness, which is usually unimportant at model scale, but may cause p,,
to make a substantially larger relative contribution at full scale, when irregular surface structures are present,
particularly beneath the train. In what follows the value of the friction factor has been modified where necessary (from
u = 0.053, the new value being indicated on the corresponding graph) to give the best overall agreement between the
measured and predicted pressure at large times.

5.2. Small window experiments

Measurements were made with the small window for four different values of the baffle standoff distance d. The train
speed was maintained at U = 300 km/hin all cases; other relevant parametric values are listed in Table 3, on the basis
that the equivalent radius of the window can be taken to be R, = 11.28 mm, and where ¢ is calculated for the
outflowing jet using Eq. (2.17).

The graphical comparison of theory and experiment for all of the small window tests are presented in Fig. 9. A
careful inspection reveals that although the overall effect of the baffle is small, the close proximity of the baffle to the
window in Cases (i) and (ii) leads to a small elevation in the magnitude of the initial pressure rise at the wavefront. The
results for Cases (iii) and (iv) are essentially identical to those in Fig. 8(b) for the unbaffled window.

5.3. Long slit window experiments

The long slit window has an equivalent radius R,~0.45R, which is too large for the theory of Section 4 to be strictly
applicable. We therefore adopt the procedure successfully used by Howe et al. (2006) to determine the influence on
compression wave formation of large unbaffled windows, viz. the replacement of the slit window by a distribution along
its length of smaller ‘subwindows’ having the same total area. To do this the long slit window of dimensions ¢, = 1.6R,
¢, = 0.4R is replaced by four equal subwindows each with {; = ¢, = 0.4R and equivalent radius R,, = 0.127R~
11.28 mm, equally spaced with centroids at x = —{j, k = 1,2,3,4, where {;;./R =9 + 0.4k.
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Fig. 8. Measured (AAA, -.) and predicted (——) compression wave pressure and pressure gradient: (a) no window, when U =
298km/h and p, = 1.22kg/m’; (b) small, unbaffled window at distance ¢, = 10R from the tunnel portal, when U = 300km/h,
po = 1.19kg/m?, ¢ = 0.75. The model scale train defined by (4.5) is projected along the centreline of the tunnel. Measurements are
made within the tunnel at a distance of 1.5m from the entrance plane.
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Table 3
Parameter values for the small window; o is given for the outflowing jet.
Case d (mm) d/R, a (V>0) po (kg/m?)
1) 53 0.47 0.494 1.18
(i) 10.0 0.89 0.696 1.19
(1ii) 20.0 1.77 0.750 1.17
(iv) 40.0 3.55 0.750 1.17
Formula (4.15) for the pressure radiated into the tunnel must now be replaced by
(x + Oie) [x — (b + 2€E)]
PO 1) = p(x, 1) + (X, 1) + Z{psk (z ) —py |1 +————) | (5.1)
k

where pg;, is defined for each subwindow of area .«/,, as in (4.11), with V(¢) replaced by the corresponding window
velocity, which will be denoted by V;(¢) for the k£ th window.

Similarly, Eq. (4.13) must be replaced by four coupled simultaneous equations for the velocity V. through each of the
four subwindows. Because each subwindow is subject to the driving pressure generated by the other subwindows it is
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Fig. 9. Measured (AAA, -..) and predicted (——) compression wave pressure and pressure gradient for the small window experiments
of Table 3, all at U = 300 km/h. The model scale train defined by (4.5) is projected along the centreline of the tunnel. Measurements
are made within the tunnel at a distance of 1.5m from the entrance plane.

Table 4

Parameter values for the long slit window; ¢ is given for the outflowing jet.

Case d (mm) d/R,, (subwindow) o (subwindow, V' >0) po (kg/m?)
(i) 49 0.43 0.465 1.19

(i) 9.9 0.88 0.694 1.19

(iii) 19.9 1.76 0.750 1.20

(iv) 40.0 3.55 0.750 1.20

easily seen that V', must satisfy

o AV prd) | < E — il (bui + €1 + 2¢5) ViOIVi(2)]
Fr— = |t ——) —p|t— — 5.2
[ o, +/E:l Dy @ Dyj @ S I (5.2)

where 2 is defined as in (4.14) with L; determined by (2.16) with V. replacing V, and p;(¢) is the incident pressure
(4.10) evaluated at the k th subwindow.

Four tests were made with the long slit window for the baffle standoff distances d and other relevant parameters given
in Table 4.

Fig. 10 displays general overall agreement between theory and experiment when the train speed was maintained at
U =300km/h. The effect of the near baffle in Case (i) is seen to be marginally more significant than in the
corresponding Case (i) for the small window. This is further illustrated in Fig. 11, where the Case (i) measurements and
predictions (— — —) for both the small and the long slit windows are compared with the predictions (——) for the
corresponding unbaffled window (for which ¢ = 0.75). The compression wave amplitude during the initial formation of
the wave is significantly underpredicted for the long slit window when no account is taken of the presence of the baffle.

Fig. 12 reveals a corresponding overall agreement between theory and experiment for the long slit cases of Table 4 at
the higher speed of U~400km/h.



220 M.S. Howe et al. | Journal of Fluids and Structures 25 (2009) 205-227

17 1T T 1 1T T 1 T 1T 17T T 1T T T T T
3 L @) pressure _ (i) pressure 6
S 2 - 4 w»
& g
R S - s
g N 2 8
I 3
pressure gradient pressure gradient
0 0
.
| | | L1 ] | | | L | | | | | | | | | |
UL r—T T T1T"T1T T 1T"17"1I T 1 T—T T 1T T"1]
. ressure . ressure
3 = (ii) 4 = (iv) P! 6
<
8 B 42
Pl - S
4 N
E 1 - 2 :5'
pressure gradient pressure gradient
0 0
[ | | L1 | I — | I I — L1 | | [ |
-4 0 4 8 12 16 20 -4 0 4 8 12 16 20
U[f)/R Ul/R

Fig. 10. Measured (AAA, -..) and predicted (——) compression wave pressure and pressure gradient for the long slit window
experiments of Table 4, all at U = 300km/h and p = 0.05. The slit window is divided into four equal square subwindows, each of
equivalent radius R,, = 11.28 mm with centres at x/R = —9.4, —9.8, —10.2, —10.6. The model scale train defined by (4.5) is projected
along the centreline of the tunnel. Measurements are made within the tunnel at a distance of 1.5m from the entrance plane.
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Fig. 11. Measured (AAA, -.-) and predicted (— — —) compression wave pressure and pressure gradient for (a) Case (i) of the small
window and (b) Case (i) of the long slit window, compared with predictions (——) for the corresponding unbaffled window (¢ = 0.75).
The slit window is divided into four equal square subwindows, each of equivalent radius R,, = 11.28 mm with centres at x/R = —9.4,

—9.8, —10.2, —10.6. The model scale train defined by (4.5) is projected along the centreline of the tunnel. Measurements are made
within the tunnel at a distance of 1.5m from the entrance plane.
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Fig. 12. Measured (AAA, -..) and predicted (——) compression wave pressure and pressure gradient for the long slit window
experiments of Table 4, all at U~400km/h. The slit window is divided into four equal square subwindows, each of equivalent radius
R,, = 11.28 mm with centres at x/R = —9.4, —9.8, —10.2, —10.6. The model scale train defined by (4.5) is projected along the centreline
of the tunnel. Measurements are made within the tunnel at a distance of 1.5m from the entrance plane.

6. Conclusion

Vorticity produced when fluid is forced through the constriction formed by a baffled wall aperture is responsible for
the principal characteristics of the sound generated at the aperture. In the absence of vorticity the aperture typically acts
as a ‘pressure release’ opening (the traditional behaviour of a woodwind finger hole) and predictions based on this
model are generally irrelevant in practice except at extremely high frequencies. For the low frequency problems
discussed in this paper the whole character of the flow in the aperture and the sound generated depends crucially on the
nonlinear ‘blocking’ of the motion by the vorticity.

An approximate nonlinear equation for the volume flux through the baffled aperture is easily deduced from the
theory of vortex sound. It is a generalisation of Cummings’s empirical equation describing forced flow through an
orifice in a large wall. That equation determines the volume flux carried by the jet emerging from the aperture; in our
case it includes in addition the influence of the impact of the jet on the exterior baffle. Our use of this equation to predict
the influence of a small baffled window in a tunnel entrance hood on the compression wave generated by a high-speed
train agrees well with measurements made at model scale at speeds ~300km/h. Similar good agreement with
experiment is found for a baffled long slit window for speeds ~300—400 km /h, after first representing the long window
by an array of smaller, hydrodynamically coupled windows of the same total area. It is now appropriate to consider the
incorporation of this representation of an exterior baffle into more general compression wave prediction schemes, such
as that proposed by Howe et al. (2006).
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Appendix A. Green’s function
Put

1 o _ )
Gyt =1 =~ / G(x, y; e dos, AD)

where G satisfies the inhomogeneous Helmholtz equation (V2 + k3)G = 3(x —y), ko = w/cy. The solution of this
equation is required at points x within the duct of Fig. Al (of cross-sectional area .7) at distances |x;|> +/.«/ from the
aperture when the source point y is in the neighbourhood of the aperture, and for the compact limit where the
characteristic wavelength of the sound is large relative to /..

Only plane waves can propagate within the duct when xg+/o7 <1 (Pierce, 1989). G(x, y; w) is then readily determined
from the solution of the reciprocal problem in which the source is at x within the duct and the solution G(y,x;®) is
sought as a function of y near the aperture. The solution of the direct problem is then obtained from the reciprocal
relation G(x,y; w) = G(y, x; ) (Rayleigh, 1945). When x¢+/«/ is small the potential due to a source at x in the
reciprocal problem is equal to e =1l /2ixg.o/ when |x; — y;|>+// in a duct unbounded in both directions. To fix
ideas, consider the case where the observer in the direct problem is in x; <0 to the left of the aperture in Fig. Al. On the
right of the source (y, >Xx)), but at distances >/ o/ from the aperture, we write

—iKkgx|
2iKg.of

where the complex coefficient # determines the amplitude and phase of the wave reflected from the region of the
aperture. Now oy, is small near the aperture, and therefore just to the left of the aperture we have approximately

Gy, x; 0) = (" 4 g, (A2)

—iKkoX]

Gy, x; 0) ~ m{l + % +inoy (1 = R)}, Vo <Ly <1/xo. (A.3)
0-
Similarly, in the duct on the right of the aperture
_ —iKkox) . —iKkgx) )
Gy, x;m) = ] T e~ ] Tl +irkey,}, VoI <L|y|<1/Ko, (A.4)

where 7 is a suitable transmission coefficient.
When the acoustic wavelength is much larger than the duct width the motion through the aperture becomes identical
to that of an irrotational, reciprocating incompressible flow, where we can write

—iKgx|
2iK()JZ/

where 4, € are constants and ¢*(y) is a velocity potential that represents incompressible irrotational flow out of the
duct through the aperture, with asymptotic behaviours given in Eq. (2.7) of the main text. The value of £ in (2.7) varies

Gy, x; 0) ~ (% + Co"(y)), (A.5)

infinite duct
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Fig. Al. Infinite duct with circular wall aperture and exterior circular wall element of radius D.
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Fig. A2. Variation of the end correction ¢ of the baffled aperture with the external wall standoff distance d when the cylinder wall
thickness ¢,, = 0.

with the standoff distance d. Its variation as a function of d/R,, is illustrated in Fig. A2 for ¢,, = 0, calculated from the
formula

w *
¢ =/ Op ds — ' ln(ﬂ),
o0 OS 2nd \ R,

where s is distance along an integration contour that starts at |s|> R,, within the duct, passes through the aperture and
terminates at a radial distance s~w> R,, in the gap. The figure shows how ¢ increases with d/R,,, formally approaching
{~(n/2)R, as d/R,, — oo, the same as for a circular aperture in a plane wall of infinitesimal thickness in the absence of
other boundaries. It also increases when d is very small, because d¢* /s must become very large within the aperture to
maintain a constant volume flux. The end correction for ¢,,> 0 is approximately given by adding ¢,, to the value shown
in Fig. A2.

It is assumed that the characteristic wavelength is large compared to the radius D of the baffle, and that the radiation
of sound from its circumference into the ambient medium is negligible, so that G(y, x; ) = 0 there. Then

oA\, D
B =—¢|"Ln( =
=)+

and Eq. (A.5) becomes

_ —iKgX] dw D
Gy, x; ) ~ ;KO — %" ()~ ¢} where = ""ln (F) Tt (A.6)

The values of the remaining constants #,  and % are now found by equating values of the potential and volume flux
in the regions of overlap of approximations (A.3), (A.4) and (A.6), making use of the relations (2.7). In this way we find

Ko
n iy \
Y7
In particular Egs. (A.1), (A.6) and the reciprocal theorem now show that for source points y in the vicinity of the
aperture

T=1+R=—-6F = (A.7)

* _ 00 q—iw(t—14x1/¢o)
lo*(y) — L} [Te do Y < —

G ) st_ ~ . . s
R i e IS T X7

(A.8)

The same result with —x; replaced by +x; is obtained when the observer is at x; >+/.o7 to the right of the aperture. In
both cases, therefore, we find

L G [ e X —codw( x|
G(x,y,t r)~w{1 g}H(t T Co)exp{zg&/ =) g NEXZ2 (A.9)
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This represents the potential produced at x at time 7 in the duct at large distances from the aperture by a point source
J(x — y)o(t — 1) in the immediate vicinity of the aperture. When |y| = r> R,, in the duct the geometrical details of the
aperture become unimportant, because ¢*(y)/¥ — 0 and

€o |X| —co |X
G t—1)~—H(t—71—— t—1—— >/ A.10
Xyi=D~57 ( § co) eXp{ 294 ( i c0>}’ xI> (A.10)
In the absence of the aperture the low frequency potential produced by a point source at y~0 would be
G(x,y,t—r)%;—;H(t—r—%), IX|>.of.

The exponential factors in approximations (A.9), (A.10) account for the gradual decay of this step wave to the rear of
the two wavefronts propagating to x; = £oo because of the presence of the aperture and the vanishing of G at the
opening to the free space ambient fluid at w = D.

Appendix B. Effective jet contraction ratio

Consider nominally steady, free-streamline flow from the duct through the baffled wall aperture driven by a constant
and uniform excess pressure p, within the duct. According to Bernoulli’s equation the asymptotic speed of the wall jet
flow along the baffle is U, = /2p,/p,- The mean flow speed V" out of the duct in a plane spanning the aperture is
V =0oU,, where o is the discharge coefficient, i.e. the effective area-contraction ratio of the jet outflow.

B.1. Two-dimensional jet

The dependence of ¢ on the baffle standoff distance d is readily determined in the case of flow from a slit aperture,
where the whole motion may be assumed to be two-dimensional and calculated by the complex variable method of free-
streamline theory (Lamb, 1932; Birkhoff and Zarantonello, 1957; Gurevich, 1965). Fig. Bl(a) illustrates the calculated
form of the free streamlines in the simplest case of steady two-dimensional, incompressible flow from the half-space
x3 >0 through a slit aperture occupying the interval —h<x; </ in a thin wall at x3 = 0. The flow discharges against an
infinite plane wall at x3 = —d, forming symmetric wall jets of asymptotic width ah.

The calculated dependence of o on d/2/ is shown in Fig. B1(b); it reveals that ¢ may be assumed to have attained its
asymptotic value of 0.61 for d>2h. There is no simple formula that relates ¢ and d/2h, but the following argument
leads to an excellent interpolation formula (whose predictions are shown dotted in the figure):

(a) When d/2h — 0 the shape and size of each of the symmetrical jets must be the same as that predicted for flow into a
two-dimensional Borda mouthpiece (Lamb, 1932; Birkhoff and Zarantonello, 1957; Gurevich, 1965; Batchelor,
1967). In this limit the asymptotic jet thickness is o/ = d/2, so that

—>i asi—>0
77 T

(b) When d/2h> 1 the asymptotic jet width of contraction ratio ¢ ~ 0.61 is attained before impact with the wall, and
therefore

d
0 —> Omax ~ 0.61 as — — oo.

2h

The results (a) and (b) actually determine not only the limiting values of ¢ as d/2h — 0, oo, but also the slopes of the
functional dependence. Because the upper limiting value is attained essentially for d/2h> 1, this suggests the use of the
following interpolation formula:

Jid
20 max 2N

0 = Omax erf( ), Omax ~ 0.61. (B.1)

This is plotted as the dotted curve in Fig. B1(b), where it is seen to provide an excellent working approximation to the
exact dependence of ¢ on d/2h.
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Fig. B1. (a) Two-dimensional free-streamline flow from an aperture of width 2/ in a thin wall into a gap of width d between the wall
and an infinite baffle panel. (b) Calculated dependence of ¢ on d /2 ( ) and the dependence (---) given by the interpolation formula
(B.1).

B.2. Axisymmetric jet

The corresponding free-streamline area-contraction ratio of a circular jet impinging on a baffle plate is not amenable
to analytical treatment, although the free jet has been investigated numerically [e.g. Southwell (1946), Southwell and
Vaisey (1946), Garabedian (1956), Birkhoff and Zarantonello (1957), and Bergthorson et al. (2005)] have discussed the
impinging jet at low Reynolds numbers. It will be sufficient here to develop an approximate interpolation formula that
gives o as a function of the nondimensional standoff distance d/R,,, analogous to Eq. (B.1) for the two-dimensional jet.

To do this we note that

(a) when d/R,, — 0 the Borda mouthpiece limit implies that the volume flux 7R2¢ U, through the aperture must equal
2nR,, x d/2 x Uy, so that

6—>— as — — 0;

(b) when d/R,,> 1 the asymptotic jet contraction ratio o ~ 0.62 is attained before impact with the wall, and therefore

d
0 — Omax ~ 0.62 as — — oo.
w
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These limiting values of ¢ determine the following interpolation formula analogous to (B.1):

Vid
2O—max Rw

0 = Omax erf< ), Omax ~ 0.62. (B.2)
The independent variable d is scaled by the radius R,, of the aperture, whereas in two dimensions the corresponding
length scale is 2A. This is in accord with the observation that relaxation to uniform conditions occurs more rapidly in
three dimensions than in two.

Cummings (1984, 1986) showed from a comparison with experiment that for the approximate calculation of unsteady
flow involving free jets better agreement with experiment is obtained by taking ¢ = 0.75 instead of the usual steady jet
value ~0.62. We shall introduce the same correction for the unsteady jet impingement problem. To do this
approximation (B.2) must be scaled-up for use in Egs. (2.18) and (4.13) when, respectively, V(¢), V(¢)>0. This is done
by replacing the first, multiplicative factor op,,x in (B.2) by 0.75, but leaving the value of oymax unchanged in the argument
of the error function. This yields formula (2.17) of the main text.
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